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ABSTRACT: Modular adder is one of the key components for the application of residue number system
(RNS). Module set with the form can offer excellent balance among the RNS channels for multi-channels RNS
processing. In this paper, a novel algorithm and its VLSI implementation structure are proposed for modulo2" -
21 adder. In the proposed algorithm, parallel prefix operation and carry correction techniques are adopted to
eliminate the re-computation of carries. Any existing parallel prefix structure can be used in the proposed
structure. Thus, we can get flexible tradeoff between area and delay with the proposed structure. Compared
with same type modular adder with traditional structures, the proposed modulo 2" -2%-1 adder offers better
performance in delay and area.

INDEX TERMS: Carry correction, modular adder, parallel prefix, residue number system (RNS), VLSI

I. INTRODUCTION

Reduce number system (RNS) is an ancient numerical representation system. It is recorded in one of
Chinese arithmetical masterpieces, the Sun Tzu Suan Jing, in the 4th century and transferred to European known
as Chinese Remainder Theorem (CRT) in the 12th century. RNS is a non-weighted numerical representation
system and has carry-free property in multiplication and addition operations. In recent years, it has been
received intensive study in the very large scale integration circuits (VLSI) design for digital signal processing
(DSP)systems with high speed and low power consumption [1]-[4].For the general modular adder, Bayoumi
proposed a scheme for arbitrary modulus by using two cascaded binary adders [5].However, the delay is the sum
of the two binary adders. Several literatures constructed several modular adders with two parallel binary adders
to calculate A+B and A+B+T [6], [7]. This method can achieve less delay but needs about twice area of binary
adder. Dugdale proposed a method to construct a type of general modular adders with a reused binary adder [9].
The shortage of this structure is that it will use two operation cycles to perform one modular addition. The area
or delay of these modular adders mentioned above is twice or more than that of binary adder. In recent studies, a
few modular adders with better area and delay performance are presented. Hiasat proposed a class of modular
adders in which any regular Carry Look-Ahead(CLA)—based binary adder can be used in the final stage
[10].However, it needs an extra CLA unit to get the carry-out bit of A+B+T before the final CLA addition. As a
result, the structure does not reduce the delay significantly. The ELMMA algorithm proposed by Platelet al.[11]
uses two carry computation modules for A+B and A+B+T in which some carry computation units can be shared.
The area reduction of this scheme dominated by the form of T . In the worst case, almost two independent carry
generation modules are needed. Patel et al.[12] also proposed several algorithms which can generate carries fast.
A new number representation for modulo addition is proposed in [8]. However, its outputs are represented in
special format. Thus, the extra area and delay are needed to perform the conversion from the special
representation to binary number representation or all operations should be performed in this number
representation format in RNS-based systems. On the other hand, the complexity of the special modular adder is
much less than that of general modular adder, since the structure of the special modular adder can be further
optimized according to the modulus.

I1. PROPOSED MODULO 2"-2%-1 ADDER
In this paper, a new class of modulo 2"-2%-1 adder based on carries correction and parallel prefix
algorithm is proposed. The new modular adder can be divided into four units, the pre-processing unit, the prefix
computation unit, the carry correction unit, and the sum computation unit. In the proposed scheme, the carry
information of A+B+T computed by prefix computation unit is modified twice to obtain the final carries
required in the sum computation module. Meanwhile, any existing fast prefix structure of binary adder scan be
used in the proposed modular adder structure, which offers superior flexibility in design. In order to evaluate the
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performance of the proposed modular adder in this paper, the unit-gate model and Design Compiler (DC) of
Synopsys Company are used to estimate its complexity and performance.

As shown in Fig. 2, the proposed modulo 2"-2-1 adder is composed of four modules, pre-processing unit, carry
generation unit, carry correction unit, and sum computation unit. In Fig. 2, different shade represents different
processing units.The proposed modular adder can be divided into two general binary addersAl, and A2 in Fig.
2, with carry correction and sum computation module according to the characteristics T of correction for
modulus 2"-2%-1 . We can get the carries c;*® used in the final stage through correcting the carries c;'of A+B+T ,
which can be computed by any existing prefix structure with proper pre-processing.
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Fig. 2. The proposed modulo 2™ — 2% — 1 adder structure.

At last, we can get the final modular addition result from ¢ and partial sum information. The

proposed architecture shown in Fig. 2 can avoid the calculation of carries information for A+B+T and A+B
separately. Thus, the area and delay in VLSI implementation can be reduced. Meanwhile, the proposed scheme
offers flexible trade of area and delay with different parallel prefix structures.

2.1.1. Pre-Processing Unit

The pre-processing unit is used to generate the carry generation and carry propagation bits(g;,p;) of
A+B+T .From(3),

When m=2"-2%-1

=2l 22y — 9k (8)

Obviously, the binary representation of Tis* ”.

In Fig. 2, the computation of A+B+T can be performed by Aland A2 where and are used for lower-K
bits and higher-n-k bits addition, respectively. Let T ;= ,Ta,=and the binary representations of A and B bea,.
1...8,@k1..a180aNd bp_;...beby1..b1bg respectively. The operation of adder and can be regarded as

H:H = lfoy . gt hﬁ:—l o ~h{r + 'T.-H
Swr=tn vt thy o+ T+ oy

Where c,; is the carry-out bit of adder Al . For Ta; , one of the inputs of A1, every bit is “0” except the
least significant bit. Thus Al, can be treated as a k-bit adder with he lowest carry-in bit, which is exactly as
same as the general binary adder. And the way pre-processing of T, is also similar with the general binary
adder. The difference is that the lowest carry-in bit should be considered. Therefore, carry generation and carry
propagation bits are

(oao) = (4 gy S hy) i =10 (10)
(it i) = (ahy, o & by i=19..... k=1

For adder A2, it does not only add the constant T a,, but also the carry-out bit Ca; from adder Al. It can
be regarded as a three- inputs adder with the lowest carry-in bit. The three inputs are a.;...ax, bpg...bx, and Ta,
in binary. In this paper,

We reduce the number of inputs from three to two for adder A2 by using Simple Carry Save Adder
(SCSA). When i=k,k-1,...n-1

, we can get (gi,pi") for a;and by, firstly

[.q:.;:- ]UI;] - {ﬁihi.‘- a; & hrﬁ]- (1 1)

And then (gi,pi") is treated as the inputs of the second stage in SCSA. The second stage of SCSA
generates the carry generation and carry propagation bits (gi*,pi!) from Tacand .Actually, it is the carry saved
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addition of these two binary numbers pn_l,..pk+1pkandgn_2...g1k+1glk .Thus, the final outputs of pre-processing unit
for adder A2 are

(G, i) = (P;E) p=k

(gopid = (gl eg) i=k-1..n-1
(12)

From (10) and (12), all of the information required in the prefix computation is obtained. Furthermore, the
carry-out bitof SCSA, Cysa , i required to compute the carry-out bit of A+B+T, cq. It is calculated as

!
CHOSA = fhy—1fn—1 = 4, _1- (13)

Carry Generation Unit : In carry generation unit, the carries ¢{'i=(1,2,...n) of A+B+T can be obtained with the
carry generation and carry propagation bits from the pre-processing unit. Any existing prefix structure can be
used to get the carries ci' in this paper. It is worth pointing out that the carry-out bit of SCSA in the pre-
processing unit, as shown in (13), is not involved in the prefix computation. Instead cscsa, combined with the
carry-out bit of the prefix tree is required to determine the carry-out bit of A+B+T (denoted as Coy).

Conl = C5C54 T L’-il =cgosd TG 1
=tgesa T G 10+ Pa 1461 14
=gt + Goota + Paciaty (14)
whereO<Ln-1.

Carry Correction Unit : The carry correction unit is used to get the real carries ¢ for each bit needed in the
final sum computation stage. In order to reduce the area, we get the carries of A+B by correcting the carries of
A+B+T in the carry correction unit. We first derive the relation of ¢’ and cil(i= 0,1,2,...n)in binary addition in
Theorem 1, where ¢ andc;® are the carry outputs of prefix tree when the lowest carry in is “0” and
“1”,respectively.

Theorem 1:Let ¢i(i=0,1,2,....n)be the carry bits of an n-bit adder, and they will be propagated to the
higher adjacent positions, c;, be the lowest carry in (that is c,=c,), and ¢, be the final carry-out bit (that
iS,Cou=Cin ). Assuming the carries for each bit be c;°whenc;,-;andthe carries for each bit be c;'when, we can get
the relationship

|.-:| 1 fLr i . k
tip) = Froey_p (e=0,02, 0.0 ,n— 1)

Proof: Leta,.1a,.,. .a180and b,.1b,.....b1bg be the binary representations of A and B, respectively. Then,
we have p;=aib; ,g;=aib; and p;.o=p;....p1Po -According to the parallel prefix algorithm, we have

r
it = G+ Protin

This can be rewritten as,

¥ y
ﬂfi"'-l = {, Ll in — i)
Cipr = G+ Pro tin =1

If pio -1,thenayi , which yields gi=aib;=0And G;,=0 . Thus, we have ¢i;;=C;,. That is ¢%1=0, c'i,;=1.If
Pi:o =0, it Means that c;, can’t be propagated to cj.;.

Hence ci+1=Gi.o, , which is irrelevant with c;, . That means
C0i+1=Cli+1.ThUS, C0i+1=pi;0C1i+1 .Q. E.D.

Theorem 1 means that ¢;” can be determined from c;' by simple logic operation. That is the foundation
of the carry correction for the proposed modular adder. We present the procedure of the carry correction in our
scheme based on Theorem1 as following. For the proposed modulo 2"-2%-1adder, T=2"+1and can be represented
as in binary.
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The computation of A+B+T can be divided into two steps,
sa=A+B+and .Sg=Sa+

Thetwo*“1”bitsin T’s binary representation can be regarded as the carry-in bits for adderAl and A2
adder shown in Fig. 2,respectively. Correspondingly, the carry bits of A+B can be obtained with twice carry
corrections of A+B+T based on Theorem 1. The first correction result is the carries of A+B+. The second
correction result is the carries of A+B. Whether carry correction is performed or not depends on the carry-out bit
of A+B+T, that is, Cqy in (14).

Carry Correction for Adder
Since the binary representation of T isc;, can be regarded as the carry bits of (A+B+T-1)+ci and

cin=1.Thereforec;", can be modified with Theorem 1 to determine the carry bits ofc;' 1(i=0,1,2,....... n-2 )of
A+B+T-1,thatis
Jd -1 _ T

One point must be paid attention to perform (15). The lowest propagation bit in p;q ,po , iS not equal to
aghg that in(10). Actually, it is equal to .According to Theorem 1, the carries of A+B+T is corrected under the
condition of ¢,=0 . We can use a 2-to-1 Multiplexer (MUX) to perform the operation. For his MUX, Cq is the
control signal, while ci'andc;"*  are input signals. And the output is the result of the first correction, denoted
as ¢%}41(i=0,1,2,.....n-2)

s _e— -1, T o—p T -
(f.5_|_l = 'rfnut(f.¢'_|_l + r'l‘)llt{'i+1 = ot P?':l'lrfi.|.1 + f-q'rul‘.er.l
T
:f't+l{(1011r ‘I‘P«;ﬂ}. (16)

Carry Correction for A2
From (16), ¢(i=0,1,2,.....n-2) is the carry information of A+B+TorA+B+T-1 after the correction for
adder A1 . Then we can perform the second correction based on ¢, and let the carry bits of the second
correction be ¢ . Similar to the first correction, ¢ is the carry of A+B+T-1-2% (that is, A+B) when
Cou=0.Otherwise, is the carry of .That is, is the ¢;"®'final carry information needed in sum computation unit.
When i=1,2,...k ,T=2"+1 . The bit “1”” in Ta, will not affect c*; . Hence,
real e
= (17)
When i=k+1,....n-1 , the inputs of adder in Fig. 2 _
Are poi....pre1Px and gno...gi0k - And the carry-in bit is the carry-out bit of adder Al that is ¢, .
Considering the least significant bit of g,....gx10x is “17, we can treat the operation of adder A2 as the addition
of two inputs,pns....px+1Pk@nd gno...gk+10k , With the lowest carry-in bit “1”. That is, the results and carry
information of (a),(b), in (18) are identical

Po1 - P 1Ph T g 1 L0000 G {a)
S

[7i—f )byt
P 1 PhegiPr t 8 2o FopGpt 001 (B
(e — & Obat

(18)

Thus, we can get the carries of A+B by modifying the carries of c¢®(i=k+1...,n-1)adder A2 with
Theorem 1.Combined with the final carry-out bit of A+B+T, coy ,the carries ¢, required by the proposed
modular adder are determined. Since the second carry correction is performed under the condition that the
lowest carry-in bit of adder A2 is a constant “1”,the propagation bits used in the carry correction unit should be
computed by pn1....pke1Pk@Nd gns.. Ok+10kCk -Froml the above analysis, it is shown that the difference between
these pre-processing unit (that is,p;*=p; ). Besidesp;°*1;, just

When i=0 and k. Consequently
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Hence

—

VL o— .y J . ! | — T ¥ A r — e
A0 = Loy + Loty = Lot — Cont o = Cone o I (3 1)

s, =7 (mpﬂ F Coutth) — ™ 0 (GomTh + Contlt)

= DT (32)
Wheni 1.....6—-LAk+1.....2-1
s = e gy (33)

At last, the sum bits are

Cout W0 PO t =)
4 = ri”] O Caur PR =k
r:i-'*""] o p=1,....k—1LA&k+1,. ., n—1

(34)
In (34), coupkand ¢ can be obtained at the same time. Therefore, there is no extra delay compared with other
sum computation units.

real

Design Example : The VLSI implementation structure of modulo 25-2°-1 adder based on the proposed scheme
is shown in Fig. 3(a).Fig. 3(b) illustrates the function of each module.

Pre-processing Unit : The pattern “” in Fig. 3 is the pre-processing unit and used to generate carry generation
and carry propagation bits for the following prefix computation. Since there are fixed “1” inputs at the 1st and
the 4th places, the patterns® ”and are used for this special situations. The pattern “ ” does not cost any resource
in unit-gate model. The computations of these patterns correspond to (10), (11)and (12).

Prefix Computation : The pattern “” is the prefix computation unit. In this example, the Sklansky prefix
reeisusedandtherearel 1 prefix computation units, which corresponds to (4). The delay of “” is determined by its’
carry generation path which is one OR gate and one AND gate. However, the pattern “”in the final stage of
prefix tree is not needed to compute propagation bits.

The Computation of cout :The is computed by pattern inFig.3. According t0(14), Cou=Cscsa*Gn-11+Pn-1:1C |
.CscsatGn.riiand pr.1s €' can be computed concurrently. Then, we can get after an OR gate. Thus, the delay of
Cout computation will not exceeding the Delay of pattern “”” and there is no extra delay. In order to minimize the
delay of “”, the value of can be selected so that the delay difference of G, ;:and ¢ is at
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Fig. 3. Modulo 2% — ' — 1 adder based on the proposed structure

Least one OR gate delay. In (14) Cscsa, is computed in pre-processing firstly. Meanwhile, the delay of
P..1, is always smaller than that of G, in prefix tree. Thus, we can compute CscsasPniCl" firstly if is obtained
before . Otherwise, we can compute firstly. When the last one ¢/, or G,y , arrived, only one OR gate is needed
to compute the final value of ¢,y That is, the delay is Ty if the value of list selected properly. In this example,
I=k.

Carry Correction Unit : The pattern in Fig. 3 performs the computation correspond to (27). In this example, 7
correction operators are used. From (27), there are three different situations, that is i=0,1,2....k-1,i=k and
i=K+1....n-2 .The pip z1, and z2 can be computed by independent modules. The pattern and“ “in
Fig.3isusedtocompute pi, z1 , and z2, in (27). In this example ¢'y, is computed out ¢'; (i=k+1....,n-1) before
with two prefix computation stages. Hence, we can get z1 and z2 without extra delay by using (26). In the worst
case, the group propagation bits required in (26) are needed to be computed one by one from p; (i=0,1,2,....n-2) .
However, the extra Components for computing these group propagation bits can be removed when the group

propagation bits exist in prefix structure.
in Fig. 3 is used for performing the sum computation according to

;@H
L =1

(34). As a matter of fact, this operator is the logic XOR operation. The pattern in Fig. 3 is a modified

XOR operator; one of its inputs is inverted. Because the computation of cgy in (34) can be performed
with carry correction simultaneously, only one XOR operations are required to perform the sum computation
and no extra delay is introduced.

Sum Computation Unit : The pattern
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I1. IMPLEMENTATION AND RESULTS
The proposed designed MODULO 2"-2%-1 ADDER using Verilog hardware description language and
structural form of coding. The proposed system simulation results are as follows

11l. CONCLUSION

In this paper, a new class of modulo 2"-2*-1adder is proposed. The proposed structure is consisted of
four units, the pre-processing, the carry computation, the carry correction and the sum computation unit. The
performance analysis and comparison show that the proposed algorithm can construct a new class of general
modular adder with better performance in delay or “area*delay”. It has some main features as following: The
way using twice carry corrections improves the performance of area and timing in VLSI implementation and
reduces the redundant units for parallel computation of A+B+T and A+B in the traditional modular adders. Any
existing prefix tree can be used in this structure. That means fine tradeoff property between area and delay for
the proposed scheme. The synthesis results also show that our scheme can be optimized to work at faster
operation frequency. Furthermore, the modulus with the form 2"-2%-1(1kn-2)of facilitate the construction of a
new class of RNS with larger dynamic and more balanced complexity among each residue channel. The work of
this paper provides an alternative scheme of modular adder design for this type of RNS. .
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